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Introduction

METHOD of selecting actuator and sensor locations from a

predetermined set of candidate locations based on the Hankel
singular values of the controllability and observability Gramian of
flexible structures was outlined previously.!~* Within the original
formulation, the actuator/sensor selection methodology was based
entirely on the Hankel singular values of the control path (P,,) for
some finite set of modes and some predeterminedset of actuatorsand
sensors." Later revisions to this method have included a weighting
of the Hankel singular values of the control path (P,,) by that of
the Hankel singular values of the performance path (P,,) (Refs. 3
and 4). In the most recent application, the disturbancerejection ap-
proach to actuator/sensor selection was applied to the piezoceramic
aeroelasticresponsetailoringinvestigationwind-tunnel model at the
NASA Langley Research Center.* The results of that study demon-
strated a significant advantage to the application of the disturbance
rejection approach.

The methodology outlined herein serves as an extension to the
disturbance rejection approach with an added metric aimed at ro-
bustness with respect to out-of-bandwidth response. Although the
method proposed by Lim® determines the actuators and sensors that
couple best to modes present in the disturbance path, there is no
penalty associated with coupling to higher-order modes that are
out of the desired bandwidth for control. All practical realizations
of control systems are implemented over some finite bandwidth,
and for digital realizations, bandwidth limitations are typically im-
posed by the computational speed of the digital signal processor
and the number of modes within the desired bandwidth. Accurate
models of the dynamics within the desired bandwidth for control
are required; however, model fidelity typically suffers beyond the
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identified bandwidth. This is particularly true for distributed param-
eter systems that have infinite dimensional theoreticalmodels. As a
result, compensatorsthat incorporate a roll-off are desired and low-
pass filters are frequently used in practice to attenuate the response
at higher frequency. The response of out-of-bandwidth modes can
lead to spillover and stability issues, particularly in the presence of
“aggressive” controllers. However, the best method of attenuating
the response out of the desired bandwidthis to have poor observabil-
ity and/or controllability of such modes as an intrinsic property of
the open-loop plant. The proposed approach thus serves to simplify
robust controller design in the mitigation of spillover.

To this end, an additional metric is introduced for the selection
of actuators and sensors for disturbancerejection. Within the band-
width of desired performance,a metric consistentwith that outlined
by Lim® is computed to determine the actuators and sensors that
couple best for disturbance rejection. However, out of the desired
bandwidth,ametricisintroducedthat penalizesthe couplingof actu-
ators and sensors to out-of-bandwidthmodes. A combination of the
two metrics leads to a tradeoff between performance and robustness
to spillover effects in the actuator/sensor selection methodology.

The methodology proposedis outlined in the subsequentsection.
Following the introductionof the new metric, an analyticalexample
based on a structural acoustic control problem is presented. Con-
clusions are drawn from the results.

Band-Limited Placement Metric
for Disturbance Rejection

The problem of interest is the control of a standard two-port sys-
tem, as shown in Fig. 1. The upper transfer function P, (s) repre-
sents the path fromdisturbancesw (s) to a measure of the closed-loop
system performance z(s). This path is determined by the definition
of the active control problem, with tradeoffs that reflect available re-
sources, e.g., control energy, or robustnessrequirements. The lower
transfer function Py, (s) represents the path from the control inputs
u(s) to the measured outputs y(s) and is a function of the choice
and placementof actuators and sensors, respectively, for the control
system. Although usually taken as a given for control design, often
there is freedom determining sensor and actuatorlocations, yielding
a design decision that impacts the closed-loop performance. Good
placement for control design can be determined from the influence
of transducerson the open-loop system’s controllabilityand observ-
ability, measured in terms of the Hankel singular values.

As noted by Lim,? the Hankel singular values (HSVs) from
the disturbance to performance outputs illustrated in Fig. 1 are de-
noted as

Fzzw = diag(yzzwl 20 zzwn) (1)

where T2, is a diagonal matrix of the n HSVs of the system. The
HSVs provide a measure of the degree of coupling of each of the
n modes associated with the performance path of the plant P, (s).
The HSV for each of the pth actuatorsand gth sensors of the control

path can be defined as
’ y}’zq ”p") (2)

A baseline reference of HSVs for all p actuators and ¢g sensors is
defined as

2 — a3 2
F)’q”p - dlag(y)’q”pl’ T

f'ﬁu = diag()?ful, el )7),2”,7) 3)

The placement metric for disturbance rejection, as outlined by
Lim,*> can be expressed as follows for the gth sensor and pth

actuator:
SNYETA
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Fig.1 Block diagram of the two-port design model.
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This metric positively weights all coupling to the dynamic modes
of the system. If we furtherdistinguishbetweenin-bandwidthmodes
ni, and out-of-bandwidthmodes nyy = n — nyy, the placementmetric
for disturbance rejection can be expressed as follows:

o VA,‘ upi
J‘H’in = Z <L>yz‘tni (5)

~4
i=1 Yyui

For added robustness, we prefer to limit the coupling through the
control path Py, to the out-of-bandwidth modes. As such, a metric
is defined by weighting the normalized HSVs for the control path
with themselves and taking the reciprocal of the result to emphasize
poor coupling:
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Combining the metric associated with in-bandwidthdisturbancere-
jection by the metric associated with out-of-bandwidthrobustness,
the following metric for actuator/sensor selection results:

Jop = Jopin + J_‘H’oul M

where the overbar serves to indicate that the in-bandwidth and out-
of-bandwidth metrics have been normalized relative to their max-
imum entry, and J,, is the band-limited metric. Thus, a tradeoff
exists in the selection of the actuators and sensors based on those
that couple well to modes present in the disturbance path over the
desired bandwidth of control and those that couple poorly to modes
presentin the control path outside of the desired bandwidth of con-
trol. Therefore, the optimal sensor/actuator pairings should not only
couple strongly at low frequencies,but also roll-off naturally at high
frequencies.

Description of a Structural Acoustic Model

In preparation for the design of an experimental test rig for struc-
tural acoustic control, the actuator/sensor design methodology was
applied to an approximate model of a system to determine the best
targetlocationsforthe transducers.The testrig was constructedfrom
aluminum, measuring 18 x 16 x 0.1875 in. thick. The boundaries
were constructed to approximate that of a simply supported plate,
and piezoceramic transducers measuring 6 x 4 x 0.0075 in. thick
were availableforexperimentalimplementation. The larger piezoce-
ramic patches were selectedbased on the results of a prior study that
demonstrated that large aperture transducers serve as spatial wave
number filters and provide greater control over the low-bandwidth
modes required for structural acoustic control.?

The model of the piezostructure was developed from an assumed
modes approach as outlined by Clark et al.’ Seven target locations
for piezoceramic sensors and actuators were studied. As single-
input/single-output control was desired for the experiment the best
two transducers were sought from the possible set of 49. For sim-
plicity, the mass and stiffness contributions of the transducers were
omitted from the analytical model. A schematic diagram of target
locations is depicted in Fig. 2. The center coordinatesof each patch
are indicated by an asteric on the nondimensional schematic of the
plate. Additionally, the nondimensional coordinates are provided
in Table 1. Only one quadrant of the plate was explored for actu-
ator/sensor placement. The magnitudes of simply supported modal
shapes are symmetric about the vertical and horizontal axis and thus

Table1 Center points of piezoceramic
transducers in nondimensional
plate coordinates

Transducer  x coordinate  y coordinate
1 0.3 0.3
2 0.4 0.4
3 0.5 0.5
4 0.3 0.5
5 0.4 0.5
6 0.5 0.3
7 0.4 0.3
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Fig.2 Schematic of the plate identifying center points of piezoceramic
transducers.

coupling strength, which the placement metric measures, are equiv-
alentin the four quadrants. Given that the objective was to reduce the
sound power radiated, intuition suggested that a patch centered on
the structureand operatedas a collocated transducerpair would pro-
duce the bestresult (modes with even indices are inefficient acoustic
radiators). Alternative candidate transducer positions were also in-
cluded along the diagonal of the nondimensionalplate as well as on
nodal lines of modes with even indices in x and y.

Performance of the closed-loop system is defined in terms of the
total power radiated into the far-field. For the purpose of estimating
the sound power radiated, the plate was subdivided into 20 rectan-
gular elements having equal surface area. The velocity at the center
point of each elemental area was modeled to provide inputs to ra-
diation filters. Assuming that the plate is coupled to a half-space
with rigid boundaries, the sound power radiated can be obtained by
applying the Rayleigh integral to compute the far-field sound pres-
sure levels in terms of the surface velocity of the vibrating, flexible
panel. As detailed by Gibbs et al.,” radiation modal expansion can
be applied to generate a filter that estimates the sound power ra-
diated in terms of a finite set of discrete velocity outputs. For the
purpose of this study, the first radiation mode was used to define the
performance path between a generalized force applied uniformly to
each mode of the structure and the sound power radiated. The first
radiation mode results from a series expansion over all of the struc-
tural modes that radiate volumetrically. In developing the radiation
filter, a state variable model of the system was constructed. (For
greater details on the construction of the piezostructure model and
the radiation filter, refer to Ref. 6.)

The model included 60 states for the structural system and 9
states for the radiation filters. A bandwidth of interest was defined
below 1200 Hz; thus the first 20 structural states were included
in the in-bandwidth computation of the performance metric and the
remaining40 structuralstates were includedin the out-of-bandwidth
computation of the performance metric.

Comparison of Actuator/Sensor Selection Strategies

To form a basis of comparison, the proposed strategy for band-
limited actuator/sensor selectionwas compared to the selectionstrat-
egy outlinedin Ref. 4. Limiting the selectionto the metric defined in
Eq. (4), one obtains the result presented in Fig. 3, which shows the
relative merit of all 49 possible SISO transducerpaths. As illustrated
there is symmetry in the selection because, due to reciprocity, either
transducer of a given pair can be used as an actuator or a sensor
and result in the same frequency response. For the case presented,
the optimal transducer pair is actuator 3 and sensor 3, which corre-
sponds to a single piezoceramic transducer positioned in the center
of the plate and operated as a collocated pair. The result of this ac-
tuator/sensor selectionis consistent with physical intuition because
modes with even indices are inefficient acoustic radiators when the
structural wave number exceeds the acoustic wave number.

The result obtained with the band-limited actuator/sensor selec-
tion strategy for disturbance rejection is distinctly different. Using
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Fig.3 Barchart of actuator/sensor selection for disturbance rejection
outlined in Eq. (4) (Ref. 3).
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Fig. 4 Barchart of band-limited actuator/sensor selection for distur-
bance rejection outlined in Eq. (7).
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Fig. 5 Magnitude of frequency responses associated with the trans-
ducer pairs selected based on Egs. (4) and (7).

this metric, as outlined in Eq. (7), one obtains the result presented
in Fig. 4. For the case studied, the band-limited selection strategy
suggests the use of transducer 3 and transducer 2. Again, because
of reciprocity one can select either as an actuator or a sensor. This
resultwas nonintuitive,and a schematicdiagramof the pair, showing
relative position on the structure, is presented in Fig. 2.

Upon comparing the frequency response between the transducer
pair resulting from the application of the metric in Eq. (4) and that
resulting from the band-limited metric outlined in Eq. (7), one ob-
serves that the in-bandwidth (<1200 Hz) response associated with

ENGINEERING NOTES

actuator 3 and sensor 3 is slightly greater than that of actuator 2 and
sensor 3, as illustrated in Fig. 5. Also note that neither transducer
pairs observe or control the (1, 2) or (2, 1) modes of the structure,
noted by the absence of resonances corresponding to these modes.
As noted in the previous section, the (1, 2), (2, 1), and (2, 2) modes
are inefficientacousticradiators at low frequencyand thus are absent
fromthe chosenperformancepath. Comparing the out-of-bandwidth
response of the two transducer options in Fig. 5, one observes that
the actuator/sensor pair selected including the band-limited metric
results in significantly less response out of the bandwidth of interest
(>1200 Hz). Thus, the response of modes outside of the desired
bandwidth of operation, which typically lead to stability issues, are
suppressed.

Closed-Loop Results

To demonstrate the effect of actuator/sensor selection on closed-
loop response, compensators were designed for the best transducers
using both metrics, and the resulting closed-loop performance was
compared. The analytical plant model had 60 structural states that
representedplate dynamics up to about 5000 Hz. The compensators,
however, were designed on a reduced-order model that contained
only 20 structuralstates. This reduced-ordermodelis representative
of the type of model that would result from experimental system
identification.

Linear quadratic Gaussian (LQG) compensators were designed
under the model structure of Fig. 1 with control effort penalty of
R =5 x 1073 (1/V), sensornoise of V =1.5 x 1078 (C), and unity
process noise and performance weight. The sensor noise was se-
lected to be comparable to the effect of process noise at the fre-
quency where the controller should begin to roll off. Because the
piezoceramic element centered on the plate was used as a sensor
in both cases, this sensor noise was consistent for both designs. A
comparison of the measured output because of unit norm process
noise and unit norm sensor noise is shown in Fig. 6.

The control effort penalty was decreased until the closed-loop
system,based on the full-ordermodel, was at the borderof instability
for the collocated actuator/sensor selected by the metric defined in
Eq. (4). Applying the same control effort penalty, sensor noise, and
process noise, however, for the transducer pair selected from the
metric of Eq. (7) resulted in a stable closed-loop response.

The closed-loopresponses for each transducer pair are presented
in Fig. 7. The response below 1200 Hz is essentially the same for
each of the resulting transducer pairs. However, above 1200 Hz, the
actuator 3/sensor 3 pair chosen based on the performance metric
defined in Eq. (4) results in an unstable response at approximately
1838 Hz. However, the actuator 2/sensor 3 pair chosen based on the
band-limited metric defined in Eq. (7) is stable and does not show
the effect of spillover at high frequencies.
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Fig. 6 Magnitude of process noise and sensor noise used in the LQG
design.
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Fig. 7 Magnitude of the closed-loop response for the two alternative
transducer pairs selected.
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Fig.8 Loop-gainsfor actuator 3/sensor 3 [Eq. (4)] and actuator 2/sen-
sor 3 [Eq. (7)].

These results can be anticipated by looking at the loop-gain for
each system, presentedin Fig. 8. As illustrated, below 1200 Hz, the
loop-gains are roughly the same; however, above 1200 Hz, the loop-
gain through the collocated transducer pair (actuator 3/sensor 3)
is much higher because of significant contribution from out-of-
bandwidth modes, exceeding unity at approximately 1838 Hz,
resulting in the unstable frequency shown in Fig. 8. The loop-
gain associated with the noncollocated transducer pair (actuator
2/sensor 3) above 1200 Hz is much less than unity, explaining the
reduced spillover seen in its closed-loop response. This is a re-
sult of the spatial filtering in the open-loop plant, achieved by the
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transducer placement associated with the band-limited metric of
Eq. (7). The natural roll-off in frequency response resulting from
the metric imposed by the band-limited disturbancerejection actua-
tor selection metric of Eq. (7) resulted in small loop-gains out of the
desired bandwidth identified for structural acoustic control, lead-
ing to a stable compensator based on a reduced-order model of the
system.

Conclusions

A band-limited actuator/sensor selection methodology for distur-
bance rejection was outlined. Unlike prior methods, which empha-
sized disturbancerejection in selecting transducers that couple best
to modes present in the performance path, the proposed methodol-
ogy serves to further impose a penalty on the selection of transducer
pairs that couple well to modes beyond the identified bandwidth of
interest, creating a natural roll-off in the frequency response from
the selected spatial apertures of the transducers. Adding the band-
limited metric of Eq. (6) to the disturbancerejection metric of Eq. (4)
provides the control system engineer with a very powerful method
of selecting transducers for feedback control including both dis-
turbance rejection and robustness to model uncertainty outside of
the identified bandwidth of interest. For the structural acoustic ex-
ample provided, a single transducer pair was selected from a pos-
sible choice of 49 transducer pairs for reducing the sound power
radiated. Although both the disturbancerejection selection method
of Eq. (4) and the band-limited disturbance rejection method of
Eq. (7) resulted in transducer pairs with very similar performance
over the identified bandwidth (<1200 Hz), the band-limited dis-
turbance rejection selection method further resulted in a transducer
pair that coupled poorly to structural modes outside of the identi-
fied bandwidth of interest. This selection methodology provides the
control system engineer with a crude means of introducing loop-
shaping conceptsin the open-loop plant through the actuator/sensor
selection.
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